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ABSTRACT: We analyze the structure of the UV divergences of the Wilson loop for a
general gauge/gravity duality. We find that, due to the presence of a nontrivial NSNS
B-field and metric, new divergences that cannot be subtracted out by the conventional
Legendre transform may arise. We also derive conditions on the B-field and the metric,
which when satisfied, the leading UV divergence will become linear, and can be cancelled
out by choosing the boundary condition of the string appropriately. Our results, together
with the recent result of arXiv:0807.5127, where the effect of a nontrivial dilaton on the
structure of UV divergences in Wilson loop is analysed, allow us to conclude that Legendre
transform is at best capable of cancelling the linear UV divergences arising from the area
of the worldsheet, but is incapable to handle the divergences associated with the dilaton
or the B-field in general. We also solve the conditions for the cancellation of the leading
linear divergences generally and find that many well-known supergravity backgrounds are
of these kinds, including examples such as the Sakai-Sugimoto QCD model or N' = 1 duality
with Sasaki-Einstein spaces. We also point out that Wilson loop in the Klebanov-Strassler
background have a divergence associated with the B-field which cannot be cancelled away
with the Legendre transform. Finally we end with some comments on the form of the
Wilson loop operator in the ABJM superconformal Chern-Simons theory.
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1. Introduction

The AdS/CFT correspondence states the equivalence of string theory on AdSs x S° to the
N = 4 supersymmetric Yang-Mills [[]-H. According to this correspondence, there exists a
map between gauge invariant operators in the field theory and states in the string theory.
The correspondence is well understood for the case of half BPS local operators where the
dual string states are D-branes in the bulk [, ff]. Wilson loop operator is another class of
gauge invariant operator. In the limit of N — oo and large A = g2N > 1, the expectation
value of a special class of Wilson loops in the N'= 4 SYM theory can be computed using
the supergravity dual picture in terms of a dual string worldsheet [[]—ff]. These Wilson
loop operator takes the form [[f]

WI[C] = %TrP exp <7§C dr(iA,d" + goiyi)> , (1.1)

where the trace is over the fundamental representation of the gauge group G, A, are the
gauge fields and ¢, are the six real scalars. The loop C' is parametrized by the variables
(x"(7),y" (7)), where (x#(7)) determines the actual loop in four dimensions, and (y*(7))
parametrizes the coupling to the scalars. Moreover the condition

it =g (1.2)
is satisfied. The expectation value is given in terms of supergravity as

(W[C]) = Be=VM, (1.3)



where the prefactor B has a dependence on the loop C' which is subleading for large A and
I is the Legendre transform of the worldsheet action I with respect to some of the loop
variables [d]. The Legendre transform is needed because some of the worldsheet scalars
satisfy Neumann boundary conditions instead of Dirichlet boundary conditions. The area
I has a linear UV divergence 1/¢ since the metric has a scale factor which diverges as
one goes near the boundary. It was demonstrated that [J the application of the Legendre
transform removes this UV divergence from the area and the result I is finite.

So far there has not been much discussions on the structure of the UV divergences and
their cancellation for Wilson loops in more general gauge/gravity correspondence beyond
the original AdSs x S° case. In a general supergravity background where the metric is
different from the simple AdSs x S° one, and where a nontrivial B-field and dilaton could
be present, there can be new kind of UV divergences. It is interesting to ask whether the
implementation of the Legendre transform can cure all the UV divergences or not. In [[[(],
the effects of a varying dilaton were analysed by including the Fradkin-Tseytlin term for the
dilaton [J]. It was found that new UV-divergent terms proportional to \/1_/6 and log 1/e
occurs.! Moreover these divergent terms cannot be subtracted away by the application of
Legendre transform. A direct subtraction is applied to extract a finite result. However,
the subtraction of the log-divergent term is associated with a finite ambiguity and further
physical input is needed to fix the supergravity prediction for the expectation value of the
Wilson loop. This is unlike the cancellation of the leading linear divergence in the Polyakov
action through a quadratic constraint on the loop variables, which has a nice geometrical
and physical interpretation.

In this paper, we focus on the gravity dual analysis of the UV divergences from a
nontrivial metric and B-field. The main motivation of our work is to provide a general
analysis of the kind of UV divergence that may occur in the Wilson loop correspondence
and to provide a prescription for their cancellation. We show indeed in general there
are new kinds of UV divergences associated with the metric and the B-field that cannot
be cancelled away by the Legendre transformation. However, when certain asymptotic
conditions for the metric and the B-field are satisfied, the leading UV divergence becomes
linear and one can cancel out the divergence with the Legendre transform by choosing the
open string boundary condition appropriately. Things are different for the B-field. We find
that the situation is similar to the dilaton: in general the divergences (if any) associated
with the B-field cannot be cancelled by the Legendre transformation.

Another motivation of this work is to understand the role of supersymmetry in the
holographic correspondence of Wilson loop in a general gauge/gravity duality. In the N' =4
case, the Wilson loop operator () preserves some amount of local Poincare supersym-
metry and is sometimes referred to as ”locally BPS”. One may wonder if the finiteness
of the Wilson loop is related to the preservation of local supersymmetry. Wilson loop
operator, being a nonlocal divergent functional, cannot be renormalized by the ordinary
R-operation [[J] restricted to the local operators. The renormalization properties of Wilson

!These divergences were computed for the worldsheet associated with the Wilson line operator with
fermion bilinear insertion. However it is easy to see that these divergences are common to Wilson loop too.



loop with pure glue has been studied in, e.g. [IJ-[[§], and it was found that, apart from
the conventional wavefunction and coupling renormalization, the only divergence in W[C]|

is a factor e KL

, where K is a regularization dependent linear divergent constant and L
is the length of the loop. This is independent of the form of C' and hence the Wilson loop
is multiplicative renormalizable. In A/ = 4 SYM there is no wavefunction renormalization
or coupling renormalization, thus the finiteness of the expectation value of the locally BPS
Wilson loop means that the multiplicative renormalization factor is finite. As is common
in a supersymmetric field theory, it is natural to associate the absence of renormalization
of this class of Wilson loop operators with the presence of local supersymmetry, and to
suspect that the later is responsible for it. It is thus interesting to consider Wilson loop
which preserves less or no local supersymmetry and check if this is correct.

In the previous paper [[[f], we started to investigate this question by considering the
Wilson loop correspondence in the Lunin-Maldacena duality [I7]. The gauge theory is
given by a marginal -deformation of the N' = 4 SYM and has N' = 1 superconformal
symmetries. Configuration of minimal surfaces that are dual to field theory Wilson loop
were constructed in [[§]. We proposed a form of Wilson loop operator that is the dual of
these string configurations. We also found that, although these operators do not preserve
any local supersymmetry, they have finite expectation value (both in perturbation theory,
which we computed up to order (¢2N)2, and from supergravity). In supergravity, the
absence of divergence is due to some special properties satisfied by the metric and the
B-field. In field theory, we called these operators "near” local BPS in order to distinguish
them from generic non-BPS Wilson loops whose expectation values are infinite Although
the operator is non-BPS, still there is the possibility that the cancellation of the UV
divergence is due to the underlying N' = 1 supersymmetric dynamics.

In this paper, we find that the finiteness of the Wilson loop has nothing to do with
supersymmetry at all. As in the AdS5 x S° case, the boundary constraint of the worldsheet
has an intermediate interpretation as a constraint on the loop variables of the field theory
Wilson loop operator. It is a pure coincidence that this loop constraint also implies a
preservation of local Poincare supersymmetry in the N'= 4 SYM theory. In general, this
condition has nothing to do with preservation of any supersymmetry. In fact, as we will see,
the multi-parameters (3-deformed supergravity background [1J] is an example where the
Wilson loop expectation value is finite and where the background is not supersymmetric.

The plan of the paper is as follows. In section 2, we present our analysis of the UV
divergence in the supergravity Wilson loop associated with the B-field and the metric. In
general the divergence that may arises from the B-field coupling is of a different structure
from that in the Legendre transform and so cannot be subtracted away. For background
where such divergences are absent, the leading order divergence arises from the area and
it can be cancelled away using Legendre transform if certain asymptotic conditions are
satisfied for the metric and the B-field and if the boundary coordinate of the open string
satisfy a certain constraint. As a consistency check, we show that this loop constraint
guarantees that the loop equation is satisfied. Subleading divergences could be present in
general. We provide a stronger criteria on the supergravity background where the sublead-
ing divergences are absent and the Wilson loop is expected to be finite. In section 3, we



analyze the conditions for the cancellation of leading divergence and show that they can be
solved quite generally. Some explicit backgrounds which satisfy these conditions are given
as examples. Many of them also satisfy the stronger form of the cancellation conditions and
so for these backgrounds, Wilson loop computed using the supergravity description ([L.J) is
finite. As a final example, we consider the Klebanov-Strassler background and show that
the leading linear divergence in the area can be cancelled away as usual. However there
are subleading divergences of order (log €)? associated with the B-field and this cannot be
cancelled away with the Legendre transform. We end with some comments on the form
of the Wilson loop operator in the three dimensional A/ = 6 supersymmetric Chen-Simons
theory of Aharony, Bergman, Jafferis and Maldacena [R0] (ABJM).

2. Structures of UV divergence in the Wilson loop in general supergravity
background

2.1 Conditions on the supergravity background and the string worldsheet for
cancellation of leading order divergence

Consider a general supergravity background. The string worldsheet is sensitive to the
metric, NSNS B-field and the dilaton. The structure of UV divergence associated with a
varying dilaton has been analysed in [[I(] and we will focus on analysing the effect of a
general metric and transverse B field on the UV divergences of the supergravity Wilson
loop. Denote the metric in the string frame as

ds* = G, dX" X" + GydY'dY7, (2.1)

where u,v = 1,--- ,m denotes the indices of a m-dimensional spacetime; andi,j =1,--- ,n
denotes the indices of a n-dimensional internal manifold. For this metric to be relevant
for a holographic correspondence, we assume that the metric has a (conformal) boundary
at Y = 0, where Y := /(Y?)? is the radial variable and is of length dimension. It is also
convenient to introduce the angular variables #* where Y* = Y6 with 6?2 = 1. We will
assume that in the leading order in Y, the metric have the following asymptotic dependence
near the boundary:

h ki
=" Gy=Ra sy o (22)
for o, 3 > 0. Here hy,, k;; are functions of 6" only and --- denotes subleading terms.

Next let us analyze the string boundary condition. Let (o1,092) = (7,0) be the world-
sheet coordinates. The worldsheet action of the string is

I = / d20(\/ detg — iBijalYiang), (2.3)
)

where gog = Grj0,.X 4 0 X 7 is the induced metric. We note that since the worldsheet is
an open one, the B field coupling itself is not invariant under the gauge transformation
0B = dA. In order to be gauge invariant, the B term should be supplemented with a



boundary coupling |, ox A Without writing this term, we are assuming we are in a gauge
where A = 0 and B is the corresponding potential in this gauge. However how to fix this
choice of B-field is a subtle issue. Similar subtlety also arise in the computation of Wilson
loop expectation value using D3-brane dual where one need to know the form of the RR 4-
form potential Cy used in the WZ coupling of the D3-brane [RI]. There a symmetry criteria
is used to pick a certain natural form of C4. We will assume that similar considerations
can be applied and the correct form of B field is used in the analysis below.
The equation of motion implies the Hamilton-Jacobi equation

GY (P, — iBy01Y*)(P; — iBj01Y") + G P,P, = Gi;01Y'01Y7 + G, 01 X' 1 X7 (2.4)

where
P, = Gij 1P05Y7 +iB;;0YI, P, =G, J\PosX". (2.5)

are the momentum and !
J? = —gmew (2.6)

V9

is the complex structure (o, 5 = 1,2) on the worldsheet. Substitute the conjugate momen-
tum, we obtain

k?ij
Yh-a

61Yi81Yj + hu,ﬁlXﬂalX”
(2.7)

near Y = 0.

One like to know how this equation put constraint on the boundary variables of the
theory. To do this we need the boundary conditions for the string coordinates. Suppose that
the Wilson loop is parametrized by (z*(o1),%%(01)) and choose the world-sheet coordinates
such that the boundary is located at o2 = 0. First we have the Dirichlet boundary condition
for the coordinates

XH(o1,0) = 2t (01). (2.8)

For the remaining coordinates Y(o1,03), due to the presence of the B-field, we propose
the mixed boundary condition

J0aY*(01,0) + iB¥10,Y (01,0) = E*; ¢! (o), (2.9)

where E¥; is some invertible matrix which can depend on Y, #%. Its form will be deter-
mined later.

For now, focus on the first term on the r.h.s. of (7). For a string which terminates
at the boundary, it is Y?(oq,0) = 0. This would imply also 9;Y%(01,0) = 0. If 3 — a <0,
then we can get rid of this term immediately. If 8 — « > 0, then this term indeterminate.
To proceed, we consider a limiting process of letting Y — 0. One can get rid of this term
if? 0,Y? = O(Yﬁ%a). As in the AdSs x S° case, the term hyw J190,XHJ190, X" on the

2We use the symbol f = o(g) to mean lim f/g = 0, i.e. f tends to infinity slower than g or f tends to
zero faster than g. We also use f = O(g) to mean lim f/g = k, 0 < k < co0. i.e. f tends to infinity not
faster than g or f tends to zero not slower than g or f tends to infinity not faster than g.



Lh.s. of (P.7) has to vanish near a smooth boundary since otherwise the determinant of
the induced metric will blow up and this will cost an infinite area. Therefore we arrive at

the condition 1
hy@ti? = mkij,]ﬂaayi,flﬁagw (2.10)

for a worldsheet which terminates on the boundary Y = 0. In order for the condition to
make sense, one need J;%9,Y" to be of the order of Yﬁ%a.

Before analysing further the boundary condition, let us turn to an analysis of the
divergence in the worldsheet action I and its Legendre transform

I=1- ?{dalPiYi. (2.11)
As in the AdSs x S° case, the area A may pick up a divergent contribution from the
boundary. This can be seen by writing the metric in the form

kme 99

GijdY'dY’) = 2" dy? + ki;d0"dg? + Y ——ki;0'd67dY + - (2.12)

Y52”

where - -- denotes terms coming from the subleading expansion terms in the metric (P.9).
Near the boundary, A picks up the dominant contribution

\/ki;0707
/de NG S i 4 (2.13)

a+ﬁ

Since the metric is singular at Y = 0, we introduce a regulator Y = ¢ and evaluate the
regularized action for Y > €. The divergent part of the area is

A= Mﬁ /dal\/w i i (2.14)
1

where ¢ = (a + )/2 — 1 and --- denotes possible subleading divergent terms. The
B-field coupling can be written as

—i / Bij01Y'9Y7 = —i / D(Bij01Y'YI) +i / o(Bij01Y")Y 7. (2.15)
With the cutoff Y = ¢, the first term on the r.h.s. contributes the boundary term
7{ doyiBiY' O\ Y7 |, _ (2.16)

which cancels against the B-dependent term from the Legendre transform

PY' =Gy Y'1°0,Y? +iByY'0Y7. (2.17)
Therefore we can write
I=14+1Ip, (2.18)
where
I~A = A — %dal GiniJlo‘&le, (219)



Ip = i/d% A (Bij01Y)Y, (2.20)

are the Legendre transform modified contributions of the area and B-coupling term. There
is a reason we group the terms in this way. Note that the term GiniJla(‘)an is of the

order of 1/ Y%= and is of precisely the same order of divergence as in A. Note also that
A has a dependence in J;%9,Y7 due to (R.1(). Thus it is in principle possible to cancel the
divergence in A using the term § Gini J1%9,Y7. On the other hand, the term Iz depends
on 01Y". This dependence is different from the other terms. Thus the B-field contribution,
if divergent, corresponds to a new divergence with a different type of functional dependence
on the variables of the theory.

Let us consider a B-field such that

; 1
BZ-»81YZ =0 (T) . 2.21
: e (2:21)
This implies that the divergence in Iz will be subleading compared to I4. This condition
also implies that the second term on the Lh.s. of (R.9) behaves asymptotically as
iBE o Y! = o(Y 72%). (2.22)

. . B—a . . .
Since J;99,Y* is the order of Y "2, one can drop the B-term in (2.9). It is convenient to
B—a o\ :
define E¥; = Y2 AF; and the boundary condition (B-9) can be written as

JE9 Y (a1,0) = YT AR, g (o). (2.23)
The Hamilton-Jacobi equation (R.1() becomes
Py it d” = kij Al A g™ ", (2.24)

This condition will play a key role in the cancellation of the divergences in I4. To see this,
note that

A e j 1 inj 7. 1 apni j
GUY Ji190,Y7 = Wkije 07 J140,Y + mk‘,’jjl 0'0,07 + -+ -, (2.25)
where - - - denotes the subleading contribution from the asymptotic expansion of the met-

ric (:9). This is to be compared with the leading divergence /k;;0°07 - \ /b, &3V / y 51
in A, which, using (R.1(), can be written as follows:

\/k;:0°07 - ) ) ) )
ﬁ\/(Jlo‘aaYPkijelw + 2YJ10‘8@YJ16/€U9’(959] + Y2J10¢J15/<;,~j809185w. (2.26)

Obviously (R.29) and (R.2§) cannot match in general. Doing so will require an extra
constraint among the derivatives of #° and Y, which, first of all, is not obvious it is in
consistent with the relation (R.1(). Moreover this relation does not have any obvious
physical interpretation in field theory. On the other hand there is a particularly simple set

of conditions which guarantee that (R.25) and (P.26) are equal, namely,

k0 = 69, (2.27)
f—a <2 (2.28)



In fact the first condition implies immediately k;;0?9,67 = 0 and hence the vanishing of
the second term in (R.2§) and (R.2€); while the second condition says that the last term

in (R.29) is subleading compared to the first term. As a result of (£.21)), (2-27) and (2.29),

we can write

1
yp-1

. ) 1 ; ;
Gy Y I 0aYT = o h0aY 4o = o[y 100 Y 00, Y T e (2.20)

near Y = 0, and the Legendre transform contributes the singular terms

; 1 .
%dalpiyl == W %dal \/kZ]AZmAJn ymyn + -, (230)

where we have used (2.23). Therefore the leading divergence term in (R.19), (2:30) cancels
if ¢ =1, i.e. if the leading divergence is linear:

L=t 74 <W _ \/k:iinmAjnymy“> Fe (2.31)
and if the Hamilton-Jacobi condition (2.24) holds. Here --- denotes the subleading con-
tribution from the asymptotic expansion of the metric (R.4). Whether there are further
subleading singularity (like, for example, 1/y/€ or loge type) or not will depend on the
specific details of the asymptotic form of the background metric. Note that since 0,Y" is
of order Y, the sufficient condition (2:21)) for the Ip-term to be subleading divergent can

be written as )
BZ] =0 (W) . (232)

On the other hand, if
1

then the Ig-term is non-divergent.

Summarizing in a general supergravity background, the B-field coupling in the world-
sheet action generically generates a divergence which cannot be cancelled with the Legendre
transform. A sufficient condition for the B-field contribution to be finite is (2.33). When
there is no such divergence, the leading order divergence in the Wilson loop arises from the
area and it can be cancelled with the application of Legendre transform if the following
conditions are satisfied:

1. supergravity background:

- The supergravity metric takes the asymptotic form (P.J) near the boundary.
Moreover
a+pB=4, [—a<?2. (2.34)

- The boundary metric h,,, is independent of 6°. The transverse part of the metric
satisfies the boundary condition

kij0" = 67, (2.35)



These conditions are conditions on the background and do not impose any extra
constraint on the form of the Wilson loop variables.

2. string worldsheet:

The boundary constraint (R.24) for the string worldsheet is satisfied.

In general, once the leading UV divergences are cancelled, there may be further sub-
leading singularity (like, for example, 1/1/€ or loge type). An extensive analysis of them
will need information on the specific details of the asymptotic form of the background
metric, the B-field and the dilaton. Generally we don’t expect the subleading divergences
can be cancelled with the application of Legendre transform.

A special situation with no further subleading divergence is if the leading correction
term in the asymptotic conditions (2.9) and (R.33) are of at least order Y. We will examine
some examples of this kind later.

2.2 Comments: boundary constraint as loop constraint

Just as in the original AdSs x S° case, one would like to interpret the boundary con-
straint (R.24) for the open string as a condition in the field theory. Since the Wilson loop is
specified by the loop variables #* and g*, and 6% does not play any role, the loop constraint
should not depend on #°. This means hy, should be independent of #°. For the same
reason, one should choose A¥,, such that kyA¥,,Al, is independent of 6°. Generally this
can be achieved by taking A*,, of the form

Ak, = AR ML, (2.36)

where Akl is the vielbein of the metric ki and M, is an invertible matrix which is
independent of §° but can depends arbitrarily on parameters which have meaning both in
supergravity and in the field theory (e.g. the t Hooft coupling or parameters in the theory
such as the (-deformation parameter in the Maldacena-Lunin duality). As a result, the
condition (R.24) takes the form

by it i = iy, ij=1,---,n (2.37)

where we have defined a;; := M";M";. In general the form of the matrix a;; will be a
function of the couplings of the theory and cannot be fixed from the supergravity analysis
alone. In the original N’ = 4 SYM case [, the matrix a;; is given by a;; = d;;. We have
also computed the constraint for the NV = 1 -deformed superconformal field theory and
find a;; = d;; up to A2 order in perturbation theory [[). We emphasize that in general
the constraint (2.37) has nothing to do with preservation of any supersymmetry. It is
a pure coincidence that this loop constraint also implies a preservation of local Poincare
supersymmetry in the N' =4 SYM theory.

Let us make a consistency check on the boundary constraint (R.37). In the large
N limit of gauge theory, Wilson loop satisfies a closed set of equations called the loop
equation [PJ). To further justify the supergravity procedure for the computation of the



Wilson loop expectation value, one should check that the supergravity ansatz([[.3) satisfies
the loop equation [RZ. As in the AdSs x S° case, although the leading linear divergence
cancels out when the loop constraint (P.37) is satisfied, the loop variation does not commute
with the constraint and so the linear divergence may gives a divergent contribution and
violate the loop equation. We show this is not the case.

The loop derivative operator is given by

52 g
L=l ds/ ! (s Noun() ) (238)

That this definition is correct can be confirmed by checking that ﬁ(W> = 0 in field theory
for the Wilson loop operator ([.T). As usual the loop regulator 7 has to be taken much
smaller than the UV cutoff scale € in order to extract the equation of motion terms. Now
acting on the supergravity ansatz ([.J) with the the loop operator, we get the leading term

6In 0l 5Iy  0la
/ J—
A hm ds/ <5w” (&) da(s) 3y () 5%(8)) . (2.39)

Let us now extract the divergent contribution from I 4 in (B-3]). Given the condition (2:37),
we can choose a parametrization such that h,, /3" = aijyiyj =1 and get

in large A,

7 A ey ef e
L(W) = 6—;7 %ds (P @i — aiii'i)) - (2.40)

For a smooth loop the terms in the integral are finite. Therefore by taking n going to zero
faster than €2, we find
LW)=0 (2.41)

and the loop equation is satisfied.

3. General solution to the conditions on SUGRA background and exam-
ples

3.1 General solution to the metric condition

The condition (R-27) on the metric may look a little restrictive at first sight. We show now
that it is in fact satisfied by a general class of metric of the form

ds? = Hy(Y)dT? + Hy(Y)dX? + F(Y)dY? + g;;d0'de?, (3.1)

where 0%, i,j = 1,--- ,n are the coordinates of the n — 1 dimensional space X,,_1; and the
metric g;; is a function of Y, e.g. as in the Klebanov-Strassler metric [3]. The metric
can be thought as a warped product of the boundary spacetime (7, X ) and the transverse
space (Y, 6%).

Defining Y* = Y#" and making the coordinate transformation we get

giid0'd07 = — (g + g;;0°076%0" — g;,0°0F — g,,0°60"dY'dY*. 3.2
J J

1
yal

— 10 —



So our metric become

ds? = Hy(Y)dT? 4+ Hy(Y)dX? + Gi;dY'dY7, (3.3)
where 1
Gij = F(Y)0'07 + =5 Ayj, (3.4)
and
Ay = gij + g10%0'0'07 — ;1007 — g;,0'6". (3.5)

The matrix A;; satisfies the following identity,

A0 =0, (3.6)
and so
Gi;Y! = F(Y)Y' (3.7)
Note that (B-7) is of the form of (:27). Therefore if F' behaves as
1
F(Y)= 5. Y =0, (3.8)

near the boundary, then the condition (R:27) is satisfied. Therefore if also & + 3 = 4 and
8 — a < 2, then the metric conditions are satisfied.

It is easy to give example where the condition () is not satisfied. For example, if
we have started with a metric with an additional cross-terms dY df*

ds® = Hy(Y)dT? + Hy(Y)dX? + F(Y)dY? + K;(Y)dY df' + g;;d6'd6’,  (3.9)
then under the same coordinate transformation, the additional term takes the form

) 1 /1 . 1
K(Y)dYd§i = ?<§(9kKl Ky — (KiHZ)erl)dkaYl = Seudytayl.  (3.10)

&1 satisfies the following identities

) 1 . o L 1

&gt = 5 (Ki - (K;0N0%),  €;007 =0,  &,;0'00° = 5Klael (3.11)
Denote the whole metric as G;j := H;j + Y ~1&;, where H;; is given by the r.h.s. of (B.4).
It is 1

Gijéj = F(Y)HZ + W(KZ — (Klel)el) (3.12)

Since the right hand side is generally not proportional to 6%, the condition (£:27) is no
longer satisfied. Note that the cross-terms in (B.9) may be eliminated with a shift of
0" — 0"+ a;(Y). However the new 6’s will not satisfy the condition (?)> = 1 anymore.
This is another way to see that the metric conditions are not satisfied.

3.2 Examples

Here we examine some backgrounds with known dual field theories, to which our analysis
can be applied.
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Background with AdSs X X° metric. This is a standard example. The metric of the
space can be written as

3 2
ds* =U?) " dxrdx" + dULQ +dX32. (3.13)
pn=0

where X° is an internal compact space. In this case a = 2 = 3 and the condition (2.34)
is satisfied. The linear divergence in A is cancelled by the Legendre transform and I
is finite. Some explicit examples are, X° = S° S5, 5*:?1772%, THL YyPad, [PA97 etc.,
where respectively these spaces are the 5-sphere for the original Maldacena AdS/CFT
correspondence [fj], the 3-deformed 5-sphere for the Lunin-Maldacena 3-deformation [[[7,
the multi-parameter (3-deformed sphere [[9], and the Sasaki-Einstein spaces [24, 5. The
boundary condition for the string minimal surface is

J0, Y (a1,0) = AR, M™ g (01). (3.14)

It is easy to see that I is finite for these cases. In the AdSs x S° case or in the
duality with Sasaki-Einstein spaces, there is simply no B-field. In the §-deformation or
the multi-parameters S-deformation, the B-field is of the form

1
B = §Babd¢“d¢b, (3.15)

where Y (1a)? =1, ¢¢ (a = 1,2,3) are the azimuth angles defined by

Yl=vo! = Y 1 cos ¢1, Yi=v6* = Y p1 sin ¢,
Y2=Y0?=Ypuscosgy, Y°=Y0=Ypysinpo, (3.16)
Y3=Y0=Ypuscosgps, Y®=Y0%="Ypgsings

and By is a function of p,. This form of the B-field respects the symmetries of the (-
deformed sphere and we will take it to be the B-field where the string is coupled to. In
general one may get a different answer by using a different gauge equivalent B-field. This
is similar to the situation discussed in [RI]] where an open D3-brane is employed to compute
the expectation value of Wilson loop in higher representation. There the answer is shown
to depend on the gauge choice of the RR 4-form potential Cy which appears in the Wess-
Zumino couping. A symmetry argument was used to suggest the natural form of the Cy
to be used.

Obviously the B-term in the worldsheet action is finite. For the piece Biniale in
the Legendre transform, since B;; is of order 1/ Y2, this term is potentially linear divergent.
However this does not happen since, as we have shown in [[[§], a B-field of the form (B.I7)
satisfies the condition

Bi;Y'=0 (3.17)
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exactly. This can be seen easily by noticing that

1

dptde? = m(}@}gdlﬁ A dYy + Y1YedYy A dYs 4+ Y1Ys5dYs A dYy — YoYidY) A dYs),
K1

A" d® = — =z (YaYodYi N dYs + Y1YadYy A dY + YiYedYs A dYa = YsYidYi A dYe),
H1H3

d§?d9* = ——rp (Vs YodYa A dY + YaYadY5 A dY + YaYsdYs A dYs — Y3Y3dYa A dY).
Haft3

As a result, the piece B,-jYiale in the Legendre transform is zero. Therefore, there is no
divergence associated with the B-field. This can also be checked using (R.20). For example
the contributions from Biq, Bis to 82(Bij81Yi)Yj is of the form ~ %zﬁaYl@g%. This
is finite as Y — 0 and so I is free from any divergence. Also since there is no subleading
correction terms to the metric and the B-field, there is no subleading divergence at all.
The Wilson loop is finite.

We remark that the background AdSs X 5‘31772 ~; for the multi-parameters j-
deformation is not supersymmetric, but the Wilson loop expectation value is finite. This
clearly shows that supersymmetry or the satisfaction of the BPS condition for the loop is

not what is required for the finiteness of Wilson loop expectation value.

Supergravity background with asymptotically AdSs X X° metric. The first kind
of example is given by a finite temperature deformation of any of the metric above. For
example for N' = 4 at finite temperature, the metric is
U : U\ "t du?
ds? = U2<— (1 - U—Z;)dtQ + (dX’)2> + ( - U—ﬁ) 77+ a0 (3.18)
Asymptotically, the metric behaves identically to that of the AdS5 x S background. So the
cancellation of the infinity occurs with the same boundary conditions as in the AdSs x S°

case. Putting a finite temperature deforms the asymptotic form of the metric with power-
like terms and this does not introduce any additional subleading singularity.

Sakai-Sugimoto QCD model. The background consists of a dilaton, a RR 3-form
potential and the metric 4]

3/2 3/2 2
ds® = <g> (MuwdX*dX” + f(U)dz?) + <§> <dU + U%Qﬁ) :

R U fU)
3/4
ed) = Js (%) 5
U3
f(U)=1- % (3.19)

Here X* (u = 0,1,2,3) is the spacetime. z = X° is periodic and describes the compact
direction of the D4-brane. U > Ukgk corresponds to the radial direction transverse to the
D4-brane. With the coordinate transformation Y = R?/U, the metric near the boundary
U = oo reads

R\ 3/2 R\ 5/2
ds? = <?> (nuwdX* dX" + dz%) + <?> (dY? +Y2d03). (3.20)
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In this case o = 3/2,6 = 5/2 and the condition (R.34) is satisfied. The leading UV
divergence is a linear one and it can be cancelled with a choice of the boundary condition
for the string minimal surface

JE0, Y (01,0) = Y2 MF 4 (o). (3.21)

The vielbein is trivial since k;; = d0;; (4,7 = 1,---,5) for the boundary metric. Including
the contribution of the pion field g, we propose the following form of the Wilson loop
operator for the Sakai-Sugimoto QCD model,

1 .
W([C] = Tr P exp (jqfc dr(i A it + i + gpiyl)> : (3.22)

and the constraint is

2_ 42 52, (3.23)

Ty
Moreover since the subleading correction terms to the metric is power-like, therefore there
is no further subleading UV divergences.

Klebanov-Strassler background. Another example is the Klebanov-Strassler back-
ground [RJ] which describes a warped deformed conifold. In this case the asymptotic
behavior of the metric is different from the power ansatz (R.J). However it is not difficult
to repeat our analysis above.

The background has a constant dilaton, a RR 2-form, and the metric and B-field

_ 313 11 T
ds®> = h™?m2dapda,, + hlﬂﬁK m(d72+(g5)2)+cosh2 5[(93)2—1-(94)2] (3.24)

+ sinh? %[(91)2 + (92)2] )

M
B = 982 [fg1 A g2+ kg3 A ga] (3.25)

where g; is a basis of invariant one-form on 7!

1 1
= —(—s81dp1 — cy,52dds + sydbs), = —(dfy — sysadps — cypdbs),
9N \/5( 1dd1 — cypsadds + sydba) 92 \/5(1 w52de — cydbsy)
1 1
= —(—81d¢1 + cySodpy — sydbs), = —(df + sysadps + cypdbs),
93 \/5( 1dd1 + cypsadds — sydbs) g4 \/5(1 w52dga + cydbs)
gs = d + c1dor + codo. (3.26)

The B-field respects the symmetries of T%! and we will assume that this is the proper
B-field where the string is coupled to. h, K, f and k are some functions of 7 whose form
can be found in [PJ]. For our purpose, we record their asymptotic form for large 7,

T T 4 T
h= e_%(47- 1)+ O(T2€_%), K =2'83¢77/3 <1 - ge_2T> + O(e_%),

T — T—1

f— L e T 4+ O(1e?T), k— + 77T+ O(Te™?7). (3.27)
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In this limit, the metric becomes
ds? = h™Y2(r)da® + M2 (r)ds?, (3.28)
where the radial variable is defined by

3 = e’ (3.29)

h=— (gL = 1) 4oL (105 = 2 (3.30)
o Ogrs 4 o\ ;10 Ogrs '

and ds% is the cone metric over 71
dsg = dr* + r’dsi... (3.31)

The B-field behaves
B= 0<1og Tﬁ> (s1d01d¢1 — sodfadeps). (3.32)

S

Putting Y = 1/r, we have near the boundary Y =0

Py 1
,=— (1 : .
Cu Y2y/logY < +O<logY>> (3:33)
o “\/logY 1
Gij = kij 1+0 a7 ) ) (3.34)

y?2

logY
Bij = O< Ve >
Here h,, = 1,, and k;; can be worked out using the metric of T L1 These details will not
be important for us. Note that the metric (B.24) is of the form (B.1]) and so it satisfies the

condition (B.7).
The Hamilton-Jacobi equation (R.7) is replaced by

and

(3.35)

(log Y)kij J1%0aY 1P 05Y 7 + 1y J1 00 X P J1P05 XY = (log Y )kijO1Y 01 Y + hyy O XHOL XV

(3.36)
The string boundary condition is given by the same Dirichlet condition (R.§) and mixed
boundary condition (R-9). For a string terminating on the boundary, we have (a1, 0) = 0.
To get rid of the first term on the r.h.s. of (B.3§), we require that 8, Y (o4, 0) = o(1/y/log Y).
This also implies that the B-term in the mixed boundary condition

iB*0,Y! = 0(1). (3.37)

The Hamilton-Jacobi equation in the limit Y — 0 makes sense if .J;9,Y (01, 0) is of the or-
der of 1/4/Iog Y. Therefore, we can drop the B-term in the mixed boundary condition (R.9)

and write 1
1 (0'1 ) 1 Y iy (01) ( )
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The Hamilton-Jacobi equation finally gives
hyuwdtd” = ki N A g™ g™, (3.39)

Now we examine the structure of UV divergences. For the area part, it is easy to
see that we get the same linear divergence (B.3])) as before and so I, is finite if the loop
condition (B:39) is satisfied. As for the B-field, since 92(B;;01Y")Y7 is of the order of
logY/Y, therefore

Ip ~ (loge)?. (3.40)

This is a new divergence which can not be cancelled with the Legendre transform.

4. Discussions

In this paper, we have analysed of the structure of UV divergences in the Wilson loop from
the supergravity point of view by including the effect of a non-trivial metric and a NSNS
B-field. We find that in general there can be new divergences which cannot be cancelled
with the Legendre transform. We also find that when certain conditions are satisfied by
the B-field and the metric, the leading UV divergence becomes a linear one and this can be
cancelled away by choosing the boundary condition of the string appropriately. In general
there may still be divergences associated with the B-field, and if they do exist, there is no
way to cancel them with the Legendre transform. This is similar to the result of [IJ] which
analysis the effect of a nontrivial dilaton on the structure of UV divergences in Wilson
loop. We conclude that Legendre transform is at best capable of cancelling only linear
UV divergences, but is incapable to cancelling any subleading divergences which may be
present, no matter whether it is due to the dilaton or the NSNS B-field.

We have been concentrating on the structure of UV divergences associated with the
string minimal surface. For Wilson loop in higher representations, a more suitable dual
description is in terms of D3-branes or D5-branes [R1], B7-BJ]. Presumably the correspon-
dence will continue to hold for a more general class of gauge/gravity duality. It will be
interesting to analyze the structure of the UV divergences there and to derive the corre-
sponding boundary conditions for the corresponding D-brane description.

Our analysis is performed on the supergravity side. It is an interesting question to check
and confirm the form of the loop constraint (R.37) from the field theory perspective. To do
this, one need to know the form of the Wilson loop operator that is dual to the supergravity
computation. In the simplest case where the field theory has the same number of (adjoint)
massless scalar with the dimension of the internal manifold, the natural candidate for the
operator is a direct generalisation of ([[.]). However, the field theory may have different
number of scalar fields in general. This is the case, for example, in the quiver theories
that are dual to backgrounds with Sasaki-Einstein spaces [24, PJ]. There the form of the
Wilson loop operator is unknown. In this example one may try to exponentiate a product
of the bifundamental fields in order to construct the Wilson loop. But since scalar field has
dimension one in four dimensions, one needs to compensate the dimension with another
dimensional quantity. This is not completely clear what it might be in a conformal theory.
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It will be interesting to analyze this further and to construct the Wilson loop operator for
these theories.

Finally we end with some remarks on the form of the Wilson loop operator in the
3-dimensional N' = 6 supersymmetric Chern-Simons theory [R0], where recently the cor-
respondence of Wilson loop has been analysed [B4-B7] (see also [BY for related discus-
sions). The ABJM theory has a U(N) x U(N) gauge and opposite levels k and —k. The
matter fields are bifundamental scalar fields Ay, As in the representation (N, N) and anti-
bifundamental fields By, By in the representation (N, N) and fermions. On the field theory
side, a Wilson loop operator which couples to a certain bilinear combination of the bifun-
damental fields has been considered

wiC] = %TrP exp [fc dr <z‘AM§c“ + %’i‘MIJYIY}>:| , (4.1)

where Y/ = (Ay, Ag, By, Bs) and the curve C is a straight line or a circle. For the special
case where C is spacelike and M = diag(1,1,—1,—1), the operator is 1/6 BPS. In this
case the UV divergences of this operator cancelled in the perturbation theory. It was
also argued [BJ that this 1/6 BPS Wilson loop operator describes a string smeared over
a CP!' in CP3. The smeared string perserves a SU(2) x SU(2) subgroup of the SU(4)
isometry, which is precisely the amount of R-symmetry preserved by the operator (1)
for this particular choice of M. As a smeared configuration, one would not expect to
have a relation like (R.23) to relate the worldsheet boundary conditions with the couplings
of the scalar fields in the Wilson loop. In general one may consider localized string in
CP3 and ask how it’s boundary condition appears in the Wilson loop. We will consider
a natural proposal in the following. However it turns out the correct operator has to be
more complicated than this.

To describe the string theory on C'P? (see for example, [B]]), it is convenient to use

the complex coordinates w’!

4
> wle' =1, (4.2)

I=1
subjected to the constraint
4
> (W'ogw’ — ' opw’) =0, a=12. (4.3)
I=1

This construction is a realization of the Hopf fibration since the first constraint describes
a S and the second constraint describes a U(1) symmetry which reduces the embedding
to CP3. Using this description, one can think about the transverse space to the boundary
spacetime R? as described by the four coordinates Z! := Yw! where Y is the radial
coordinate of AdSy. In terms of Z!, we have Z}lzl Z'Z1 = Y? and

4
Y (Z2'0,2" — 2'0,2") =0, a=1,2. (4.4)
I=1

— 17 —



The string boundary condition is then given by the three Dirichlet condition for the longi-
tudinal coordinates and the eight Neumann boundary conditions

Je0, 7 (r,0) = (1), IT=1,--- 4. (4.5)

Note that the boundary condition ({.J) is consistent with the constraint in ([.4) since
Z1(1,0) = 0. In terms of real coordinates Z' = Y +iY® 72 = Y2 +iY% 73 = V3 +
iV, Z* = Y* +4Y8, the embedding reads Y°_, (Y%)? = Y2 and

4
> oy —y oy ) = 0. (4.6)
I=1

The boundary condition reads
JEO Y (r,0) =9, i=1,---,8, (4.7)

where 2! = y! +iy®, 22 = y? + a0, 2% = > +iy”, 2t =y + il

To write down the Wilson loop, we note that due to the presence of the product gauge
group, there are two independent Wilson loops one can write down. Let us concentrate
for the moment on the first U(N), one can form adjoint fields by multiplying the bi-
fundamental fields in a certain order. It is natural to consider

W = %TrP exp <j{ dr(iA,at + Gap Ay Ap + babBaBb)> (4.8)
C

where C' is a general spacelike curve. This operator is invariant under arbitrary
reparametrization 7 — 7, including orientation reversing ones. Since scalar fields in
three-dimensions is of dimension half, the variables a® and b are of length dimension and
therefore it make sense to try to identify them with the boundary variables z! in (EH).
Since A, (or By) is a doublet of SU(2);, A4, (or B,Bj) contains a singlet and a triplet
of SU(2);. Our proposal is to identify

(0")apy™ (4.9)
1

dab = (Oj )abyi > bab = A

k 1 7

7

221 4 . 2/ 2 4

where o' = (71,72,73,1) and 7123 are the Pauli matrices. Note that the ABJM theory
is manifestly invariant under SU(2) x SU(2) of the SU(4) R-symmetry. Therefore ([L.§)
respects this symmetry if we assign (y!,4?%,y%) (respectively (3°,%%,y")) to be a triplet and
y* (respectively y®) to be a singlet SU(2); (respectively SU(2)3). For convenience, we have
put a factor of 2¢/27 /k above since the propagator of the gauge bosons and the scalar field
is different. This turns out to be a convenient normalization in perturbation theory. We
remark that the identification ([.9) can also be written as

4
.22
aap + ibay = {W > (0w’ (4.10)
I=1



and our proposal for the Wilson loop operator that is dual to a string with the boundary
condition ({.§) is

W = %TrPeXp . (4.11)

4
2 o
7{ dr (z’A“x'“ + N AR+ szf>
c it

Here R’ is the composite scalar R = (A! +iB!)/\/2 where Al = A,(c!)wpAp, B =
Ba(o!) By .

By doing a perturbative computation as in, e.g. [B5—B7, one can show that the Wilson
loop is in general linear divergent:

N2 . 2 . 2
~ o [ an)? - i), (412
Therefore the divergence cancels if the loop constraint
i =g (4.13)

is satisfied. The fact that we obtain precisely the same constraint as obtained from the
Hamilton-Jacobi analysis provides some support that the ansatz ([L11]) correctly encodes
the boundary conditions of the dual open string. However this cannot be correct due to
a mismatch. In fact, a half BPS string configuration which is localized at a point in C'P3
has been considered in [BJ—B7]. One can show that there is no choice of ! to make (fE11)
half BPS. Even worse, it is easy to show, for the ansatz (fl.1]) which is coupled to a bilinear
of scalars, there is no choice of the Hermitian matrix M so that there is 1/2 unbroken
supersymmetry. Therefore the correct Wilson loop operator that is dual to localized string
must be more complicated. The understanding of this will be very interesting.
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